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1 Introduction

This document was written to explain the theory needed to understand the cor-
rectness of the matroid intersection and second-best spanning tree algorithms.
It’s expected that you've read the USACO Guide modules on matroids and ma-
troid intersection as we will use the definitions and examples introduced there.
Specifically, you should know what the matroid intersection algorithm is. This
is a long document, but bear in mind it is completely self-contained apart from
the definition of a matroid/independent-set and a description of the matroid
intersection algorithm.

2 Credit

e Almost all of the definitions, results, and proofs are taken from A First
Course in Combinatorial Optimization by Jon Lee

e The proof of strong basis exchange is from notes provided by MIT

e The proof of ’termination implies optimality’ is from notes provided by
the University of Illinois Urbana-Champaign

The presentation is mostly our own. Some proofs have been modified or simpli-
fied to make them easier to understand.

3 Matroid Theory

3.1 Circuits

A circuit in a matroid generalizes the concept of a cycle of edges in a graphical
matroid.

Definition 1. A circuit is a dependent set C' such that every proper subset of
C' is independent.


https://ndl.ethernet.edu.et/bitstream/123456789/33735/1/99.pdf.pdf
https://ndl.ethernet.edu.et/bitstream/123456789/33735/1/99.pdf.pdf
https://math.mit.edu/~goemans/18438F09/lec11.pdf
https://courses.grainger.illinois.edu/cs598csc/sp2010/Lectures/Lecture17.pdf
https://courses.grainger.illinois.edu/cs598csc/sp2010/Lectures/Lecture17.pdf

Remark 1. A set is dependent iff it contains a circuit.

Proposition 3.1 (Circuit Elimination). Let X and Y be distinct circuits both
containing e. Then, (X UY) — e is dependent.

Proof. Suppose for contradiction that (X UY) — e is independent. To obtain a
contradiction, we’ll construct an independent set inside X UY whose cardinality
is less than (X UY') — e, but also cannot be extended.

Recall that X # Y. Moreover, we don’t have X C Y or Y C X because
circuits are minimal in terms of containment. Hence, we can pick an element
reX\Y.

Next, let W be a maximum cardinality independent set inside of X UY that
contains X —z. Observe that W cannot contain all of Y because Y is dependent
and W is independent (by assumption). Hence, we can find y € Y\ W.

Therefore,
[W| < |X UY|—2 since W doesn’t contain x and y

However, we assumed that (X UY) — e is independent. So, there exists some
element z € (X UY) —e) \ W that we could add to W to make it even
larger. Furthermore, z # x because W contains X — z and X is dependent.
This contradicts the fact that W’s cardinality is maximum provided it contains
X —x. U

The following lemma generalizes the fact that if you take a spanning tree of
a graph and add an edge, the resulting graph contains a unique cycle.

Lemma 3.2 (Unique Circuit). Suppose I is independent and I+ x is dependent.
Then, there exists a unique circuit C C I + x. Furthermore, x € C.

Proof. The existence of a circuit follows immediately because I +x is dependent.
Hence, there exists a minimally dependent subset. Also, the fact that z € C is
easy because if not, then C' C I and C' is dependent, contradicting the heredity
axiom.

To see uniqueness, suppose there are distinct circuits C; and Cs in I + z.
By the above reasoning, x € C1NCs. Applying the circuit elimination property,
we find that (C; UCy) — x is dependent. However, (Cq; UCs) —a C I. Thisis a
contradiction since I is independent. O

3.2 Rank

The rank of a set of elements is defined in a way that generalizes the rank
of a set of vectors in linear algebra (as the maximum cardinality of a linearly
independent subset).



Definition 2 (Rank). Let X be a subset of elements. Its rank is:
r(X) = rnax{[ I C Xand I is independent}

We denote the rank of the entire ground set of a matroid M as r(M).

The following are natural properties from linear algebra. Submodularity
says that adding an element to a set will increase its rank more than if we add
that element to a superset.

Proposition 3.3. The following holds of the rank:
1. If AC B, thenr(A) <r(B)

2. Submodularity': If A C B and e is an element, then: r(A+ e) —r(A) >
r(B+e) —r(B)

Proof of 1. Let I C A sothat I is an independent set with maximum cardinality.
By definition,
r(4) =] <r(B)

since we also have I C B. O

Proof of 2. Notice that 0 < r(A+e)—r(A) <1 for any A and e. This is because
adding an element cannot cause the rank to decrease, and it can cause the rank
to increase by at most 1.

Hence if r(A+e€)—7r(A) = 1, we're done. So, suppose r(A+e) = r(A). We'd
like to show that r(B + e) = r(B) (it can’t be negative as stated above). To
do that, let T4 be a max cardinality independent set in A. Using the exchange
axiom repeatedly, we may extend it to a max cardinality independent set in B:
I ClIgp.

Suppose for contradiction that Iz + e is independent. Then, I +e C Ig+e
is independent as well, by the matroid axioms. This contradicts that r(A) =
r(A + e), so we must have that Iz + e is dependent.

Hence, Ip is a mazimal independent set in B + e. This implies that it’s
a max cardinality independent set in B + e by the exchange axiom. Hence,
r(B+e) =|Ig| =r(B). O

1You may have seen another definition of submodularity. Namely: (AU B) + (AN B) <
r(A) + r(B) for any subsets A, B. This is actually equivalent to our definition. The proof
of equivalence essentially just adds one element at a time to build this inequality. We won’t
need it, but you can read about it on pages 421-422 here.



https://www.ee.iitb.ac.in/~hn/book/SubmodularFunction_2ed.pdf

3.3 Span

We can define the span of a set of elements in a way motivated by linear algebra.

Definition 3 (Span). Let A C S be a subset of elements. Then:

span(A) = {x r(A+z) = r(A)}
The following span properties come directly from the rank properties we’ve
just established.
Proposition 3.4. The following holds of the span:
1. If A C B, then span(A) C span(B)
2. If e € span(A), then span(A + e) = span(A)

Proof of 1. Let e € span(A), so r(A +e) = r(A). We want to prove that r(B +
e) = r(B). Recall that submodularity says: r(A+e) —r(A4) > r(B+e) —r(B).
So: 0 > r(B + e) — r(B) which implies that r(B) > r(B + ¢). We also know
that r(B) < 7(B + e) by rank properties, so: r(B) =r(B +e). O

Proof of 2. By 1, we know span(A) C span(A + e) so we just need to show the
reverse containment. Let f € span(A +e), so: r((A+¢e)+ f) =r(A+e).

To show that f € span(A), we must prove that: r(A + f) = r(A). By
properties of the rank function, we have r(A4) < r(A + f). To get the opposite
inequality:

r(A+ f) <r((A+e)+ f) by prop. of the rank function
=r(A+e) by def. of f € span(A + e)
=r(A) by def. of e € span(A)
Hence, r(A + f) = r(A), implying: f € span(A). O

The following lemma will be very useful in matroid intersection, among other
things.

Lemma 3.5 (Strong Basis Exchange). Let By and Bs be bases of a matroid.
For all x € By \ B, there exists y € By \ By such that the following are also
bases:

e By —x+y

[ ) BnyJr:z:



Proof. Let x € By \ By. Observe that By + x contains a unique circuit C, and
x € C (by circuit properties). Notice that if we pick any y € C, then By —y+x
would be independent (and hence a basis) as we eliminate the only circuit By +x
has.

We need to show that there exists a choice of y € C'\ B; such that By —z+y
is independent as well.

Let’s reason about this intuitively using the idea of span, and then we’ll
prove it formally. Notice that as C' is dependent, x € span(C — x). Hence,
we should be able to replace x inside B; with C' — x in order to have a set of
elements spanning the entire matroid (recall that By originally has this property
as it’s a basis). Since we are only replacing one element z, it is reasonable to
guess that a single element y € C' — x is enough to take its place.

Formally, if there exists a basis inside (B; UC) —x, then we would be able to
extend By —x C (B; UC) — z using some element y € (B1UC) —z) \ (B1 — x)
so that By — x + y is a basis, too. Observe:

((BlUC)—x)\(Bl—$):(31UC)\31:C\Bl

Therefore, it’s sufficient to show that the rank of (B;UC)—z is the full rank of
the matroid (and hence contains a basis). To see this, note that € span(C —x)
as discussed earlier. This implies that « € span((B1UC)—x) by span properties.
Lastly:

r(BiUC)—z)=r(B;UC) as z € span((B; UC) — x)
=r(M) as Bj is a basis

4 Matroid Intersection

We will use the following fact about matchings in bipartite graphs.

Lemma 4.1 (Unique Matching Implies Crucial Edge). Let G = (V, E) be an
undirected graph with bipartition: Vi UVy = V. If Vi # 0 and G has a unique
matching X that covers all vertices in Vi, then there exists an edge {vy,va} € X
where v1 € V1 and vy € V5 such that:

{v1,v4} ¢ E Vb € Vo — vg

We call the edge {v1,v2} crucial. In other words, there exists a degree 1 vertex
m Vl.

Proof. Suppose for contradiction that there is no crucial edge. For each vertex
v € Vi, pick any edge incident to v that is not used in the matching (one is



guaranteed to exist because there is no crucial edge), and let the set of all such
edges be Y. We will get a contradiction by creating another matching covering
all vertices in V; by swapping out some edges from X with edges from Y.

To this end, we build a simple path or simple cycle (depending on how we
terminate) with the following process:

1. Set our current vertex to some y € Vo which is matched in X and start
with the sequence of vertices: P = (y)

2. Repeat the following steps:

(a) Let € V; be the vertex matched to our current vertex y € Va,
terminating if there is not such a vertex.

(b) Let ¢’ € V5 be the unique vertex that x is adjacent to according to
Y.

(¢) Add z and ¢’ to P in that order, and set y := 3’ to be our new
current vertex.

(d) If we've already seen this y, then we remove vertices from the begin-
ning of P so that it starts with the first occurrence of y and ends
with this new occurrence of y. Then, we stop.

Observe that by doing this algorithm, we never repeat any vertices until
possibly at the very end. Notably, we don’t repeat any vertices in V; because
the only way for us to reach a vertex in V7 is by taking its corresponding edge
in the matching X from the V5 side. So, we must’ve already repeated a vertex
in V5 first, in which case, we would have exited according to step (d).

There are now two cases for how we construct a new matching, depending on
how the above algorithm terminates. First, suppose the algorithm terminates
by repeating a vertex. We repeat only at the very end, so we obtain a simple
cycle. Depicted below is an example consisting of 4 edges.



P = (yla L1,Y2, wZayl)

Original Augmented
V Y2 o ~Y X Y2 \Y
Y _________ Y JX y\ n X

We can create an ‘augmented’ matching by taking the symmetric difference
of X and the edges in P.

Now, suppose the algorithm terminates by finding a vertex in V5 that is not

matched to any V7 in X. Then, we have a simple path. An example with 4
edges is shown below.

P = (y17w17y27 w27y3)

X Y X Y
Original Y1 I Y2 ) Y3

U1 I Y2 4P Ys

Augmented

We again create an augmented matching by taking the symmetric difference
of X and the edges in P. In the prior case, it was easy to see why we still got
a matching after augmenting along the cycle. In this case, we need to observe
that the last vertex in our path (ys in the example) is not matched in X by
the termination condition of our algorithm. Hence, we get a matching after
augmenting, and it still covers all of V;. O



Definition 4 (Bipartite Exchange Graph). Let M be a matroid. The bipartite
exchange graph with respect to the independent set S is denoted: G (S) and
is defined as the following undirected graph:

e Its vertex set is the ground set of the matroid: E(M)
e It has bipartition: SU (E(M)\ S)
e Forec Sand f ¢S5, {e, f}is an edge iff S — e + f is independent

The following lemma for bipartite exchange graphs will be useful for proving
that the augmenting paths choosen by matroid intersection algorithm always
yield independent sets.

Lemma 4.2 (Unique Perfect Matching Implies Exchange). Let S,T C E(M)
such that:

1.1S[ =T

2. S is independent

3. G (S) contains a unique perfect matching between S\ T and T\ S
Then, T is independent.
Proof. We will prove the statement inductively on the cardinality: |S\ T| =
[T\ S|. f|S\T|=|T\S|=0, then S =T. Hence, T is independent.

Next, let S, T be arbitrary such that |S\ T| > 1 and assume the statement
holds for smaller cardinalities. First, since we have a unique perfect matching,
let {e, f} be a crucial edge (asin 4.1) fore e S\ T and f € T\ S.

Observe by the diagram that if we define T' := T — f + e, then: S\ T’ =

S\T —eand T\ S = T\ S — f. As an immediate consequence, we get
[S\T'| =|T"\ S| =|S\T|— 1. See the diagram below for an illustration.

Gu(S)

S B(M)\ S S E(M)\ S
eT §><2 ¢ T 2><2
] | eT gT
- e f_ e f
¢T eT [ 1
¢ T eT’




Furthermore, we can construct a perfect matching between S\ 7" and 7"\ S
in Gpr(S) by simply removing the edge {e, f} from our original perfect match-
ing. Observe that this perfect matching is unique. If it’s not, then we can add
back {e, f} to get a contradiction.

Hence by the induction hypothesis, T'— f + e is independent, which implies
that T'— f is independent. To show that we can add f to T — f and get an inde-
pendent set, we'll use the exchange axiom with S — e+ f (this is independent by
definition of the exchange graph). Doing this, we obtain f € (S—e+ f)\ (T - f)
such that T'— f + f is independent. If we’re lucky, then we would have f =f
and be done immediately. Suppose for contradiction that f # f. It follows that
we have f € (S —e)\ (T — f) such that T — f + f is independent.

Notice that we’ve never actually used our crucial edge yet. Therefore, one
way to get a contradiction would be to find some € € T'\ S distinct from f such
that S — e + € is independent. Notice that it would be possible to do this if we
could extend the independent set S — e using an € € (T'\ §) — f. However:

(T\S)—f=T-H\S
=T -f)\(S—e)ase¢T

Therefore, it would be a contradiction if r((T'— f)U (S —e)) > (S — e) because
then we would be able to extend S—e using some é € ((T— f)U(S—e))\(S—e) =
(T — f)\ (S —e). Finally:
r(T—fHu(S—e)) zr(Tff+f) by rank prop. as f € S —e
= |T| as T — f + f is independent
= | S| as we assume S and T have the same cardinality
>|S—elasee S

Recall the following definition:

Definition 5 (Bipartite Augmentation Digraph). Let M; and Ms be matroids
over the common ground set . The bipartite augmentation directed graph
with respect to the independent set S € Z(M;) NZ(Mz) is denoted: Gar, a1, (S)
and is defined as follows:

e Its vertex set is the common ground set: F
o It has bipartition: SU (E '\ 5)
e Forec Sand f ¢ 5:

— (e, f) isan edge iff S—e+ f € Z(M,)
— (f,e) is an edge iff S —e+ f € (M)



We give names to special vertices:
o A source is an element f € E'\ S such that S+ f € Z(My).
o A sink is an element f € E'\ S such that S+ f € Z(M).

Definition 6 (Augmenting Path). In the context of the above definition, we de-
fine an augmenting path to be a path from a source to a sink: (fo, e1, f1, €2, fa,...,€n, fn)
with the property that: S — {e1,...,en} +{fo,--., fu} € Z(M1) NZ(Ms).

The following theorem proves that after each iteration of our algorithm, we
still have an independent set in both matroids.

Theorem 4.3 (Shortest Implies Augmenting). Let My and My be matroids over
the common ground set E and let S € T(M1)NZ(Ms). Then, if (fo,e1, f1,- -, €ny fn)
is a shortest source-sink path in Gur, M, (S), then it’s an augmenting path.

Proof. We'll show that S — {e1,...,en}t +

{fo,.-., fn} is independent in M; and Ms ( )
separately. To see independence in My, we'll GM 17M 2 S
do it in two steps. First, we prove that:

S —{ew,...,en}t + {f1,..., fn} € Z(M;) our

using unique perfect matching lemma. Then, § L \ S
we’ll show that we can add fp and remain

independent. It will be very similar to prove fO
independence in Ms. €1
We claim that there exists a unique per- f 1
fect matching between {ei,...,e,} and €2
{fi,---, fn} In Gar, (S) (not in the augmen- f2
tation digraph). We definitely have a perfect es
matching because the edges extending from f3

S — E\ S in the bipartite augmentation di-

graph are the same as those edges in Gy, (5).

For example in the diagram to the right, we Figure I: The path in
have e; — f1, e — fo, and e3 — f3 forming Gy v, (S) ifn =3
a perfect matching. To see that it’s unique,

suppose for contradiction that we have another

perfect matching in Gy, (S). In this different

matching, we must have some e; matched to an

fj where i < j. However, that implies (e;, f;)

is an edge in G, s, (S) which contradicts the

fact that we have a shortest source-sink path.

Now, if we define T':= S — {ey,...,en} + {f1,..-, fn}. Observe that:
o [S| =T
e S\T={ey,...,en}

10



o T\S={f1,....[n}

We've already seen that there’s a unique perfect matching between the above
two sets of vertices in Gy, (S). Hence, by the unique perfect matching implies
exchange lemma, we know that 7' € Z(M;).

To show that T + fo € Z(M;) (what we originally wanted), first note that
none of fi,..., f, are sources (otherwise we would want to start our shortest
path there instead of fy). Hence, f; € span(S) for all i € [1,n]. By repeat-
edly using our span properties, we see that span(S) = span(S + {f1,..., fa})-
Moreover, fy is a source. So, fo ¢ span(S) = span(S + {f1,..., fn}). Lastly:

span(S—{e1,...,ent+{f1,- -, fu}) Cspan(S+{f1,..., fn}) by span properties.

As we've seen that fy ¢ span(S + {f1,..., fn}), that implies fy ¢ span(S —

{e1,.. . en}+{f1,-.-, fn}). Hence by definition, S—{ey,...,en}+{fo,..., fu} €
I(My).

Proving that S —{e1,...,en} +{fo,..., fn} is independent in My is mostly
symmetric, so we’ll highlight exactly what parts of the argument change.

First, we’ll instead have a unique perfect matching between {eq,...,e,} and
{fo,--s fno1} in Gpr, (S) because we have the edges f; — e;41 for i € [0,n) (this
should be more clear from the diagram). Uniqueness follows exactly the same
way, if there was another perfect matching in Gy, (S), then we must match an
e; to an f; with ¢ — j > 1, implying the existence of a shorter source-sink path
(the diagram should clarify this as well).

Lastly, we instead add f, instead of fy like before. The argument is exactly
the same apart from that detail, we use the fact that none of fy,..., f,_1 are
sinks (if they were, we’d have a shorter source-sink path), and we use that f,
is a sink.

Hence, S — {e1,...,ent +{fo,..., fn} € Z(M1) NI(M>). O

In order to prove that upon termination we have a maximum cardinality
independent set in both matroids, we will appeal to duality. It will be helpful
to compare the argument to the proof of optimality of Ford-Fulkerson. For that
algorithm, we prove that the value of every flow is at most the size of every cut.
Hence, to prove that our flow is maximum, it’s sufficient to exhibit a cut whose
size is the same. This is exactly how the standard proof of optimality of Ford-
Fulkerson works, and this is what we’ll do for Edmonds’ matroid intersection
algorithm.

The following will be the equivalent of weak-duality (flows are less than or
equal to cuts) for matroids.

11



Lemma 4.4 (Weak Matroid Intersection). Let My and My be matroids over
the common ground set E. Then:

max {|S| .S e I(M) ﬂI(Mg)} < min {TI(A) +72(B): AUB = E}

where r1 and To are the rank functions of matroids My and Mo respectively.

Proof. Let S € Z(My1) NZ(Mz) and AU B = E. Then:

S| <|SNA|+|SNDB|since AUB=FEand SCE
=ri(SNA)+ry(SNDB)as S €I(M)NI(Ms;)and independence is closed under subsets
< r1(A) + ro(B) by rank prop.

O

Recall that in the proof of optimality of Ford-Fulkerson, we produce a cut
(U,V\U) where U is the set of vertices reachable from the source using edges
in the residual graph with positive capacity. We will do something very similar
for the proof of optimality of our matroid intersection algorithm.

Theorem 4.5 (Termination Implies Optimality). Let My and Ms be matroids
over the common ground set E and let S € T(My) NZ(Ms). If there is no
source-sink path in G, v, (S), then there exists U C E such that |S| > r(U) +
ro(E\U).

Proof. We'll pick U to be the set of all elements that have a path to a sink in
Gty ., (S). We'll show that:
m(U) <|SNU|
ra(E\U) < IS\ U]

Together, these inequalities imply:

ri(U) +r2(E\U) < [SNU|+|S\ U]
= |5]

which is what we want.

First, we’ll show that r1(U) < |SNU|. By way of contradiction, suppose
that 7 (U) > |SNU|. As SNU € Z(My), we may find u € U\ (S NU) such
that (SNU) +u € Z(M).

As u € U, we know that u is not a source (if it was, we'd have a source-
sink path). Hence, S 4+ u ¢ Z(M;). Therefore, by circuit prop., we know that
S + u contains a unique circuit C' C S 4 u. However, C Z (SN U) + u since
that set is independent in M;. Therefore, we may find some v € C' such that
ve (SNU) +u).

12



Since C' is the unique circuit in S + u, we know that S — v +u € Z(M;) as
we remove its only circuit by removing v. We know u and v are distinct since
v ¢ ((SNU) +u). Hence, we have the edge (v,u) in G, a,(S). Furthermore,
as v # u but v € C C S+ u, we know that v € S. Combining this with the
fact that v ¢ ((SNU)+u), we derive that v ¢ U. This is a contradiction to the
definition of U because we have the edge (v,u) where u € U, however v ¢ U (as
v can reach a sink by going to u € U).

The proof of ro(E \ U) < |S\ U] is essentially symmetric, but we show it
for completeness. We again suppose for contradiction that ro(E\ U) > |S\ U]|.
Then, we obtain v € (E\ U) \ (S \ U) such that (S\U) +v € Z(Ms).

Also, S+v ¢ Z(Ms). It can’t be a sink because all sinks lie in U, but we know
v ¢ U. Let C C S+ v be its unique circuit. We also know that C' € (S\U) + v
for the same reason as before, so we can obtain u € C such that u ¢ (S\U) +v.

Hence, we know u # v and also that S —u+v € Z(Ms). So, (v,u) is an edge
in Gar, M, (S). But, note that w € S as u € C C S+ v and u # v. Combining
that with u ¢ (S\ U) + v, we find that w € U. Hence, as v ¢ U but (v,u) is an
edge, we get a contradiction in exactly the same way as last time. O

Remark 2. We now conclude that the algorithm is correct because upon termi-
nation, the E-cover U U (E \ U) given to us by the above theorem certifies the
optimality of our independent set due to the weak-duality lemma.

The following result is now an immediate consequence of our matroid inter-
section algorithm and the weak-duality lemma.

Theorem 4.6 (Matroid Intersection). Let M and My be matroids over the
common ground set E. Then:

max {|S| .S € (M) mz(MQ)} = min {rl(A) +72(B): AUB = E}

Proof. We already have < by the weak version. Running our matroid intersec-
tion algorithm provides S and (A, B) such that |S| > r1(A) +r2(B) which gives
us equality. O

This theorem is pretty powerful. It implies K&nig’s theorem.

Theorem 4.7 (Kénig). Let G = (V, E) be an undirected graph with bipartition:
ViuVe = V. Then, the maximum cardinality of a matching in G equals the
minimum cardinality of a vertex cover in G.

Proof. We construct two colourful matroids M; and M; over the ground set E
(our edges). For an edge (v1,v2) where v1 € V; and ve € Va, its colour in M;
is w1 and its colour in Mj is vo. By definition of a matching and our colourful
matroids, every matching in G corresponds to a set S € Z(My) NZ(Ms) (given

13



by the edges included in the matching) and vice versa.

We’ll show a similar correspondence for vertex covers. Let’s call a vertex
cover reduced if every vertex in the cover has degree > 1. It’s not hard to see
that the minimum cardinality of a vertex cover and the minimum cardinality
of a reduced vertex cover in GG are the same. Consider a vertex cover C, we
construct an element cover of our ground set as follows:

A = edges adjacent to C' NV}
B = edges adjacent to C' N Vs

Then, AU B = E because each edge must be adjacent to some vertex in C C V|
and V3 U Vs = V. Also since colours in M; and M, correspond to vertices in V3
and V5, we have the following because every vertex in C has at least one edge
adjacent to it (it’s reduced):

Tl(A) = |CﬂV1|
ro(B) = |C' N V3

So, the ’value’ of the element cover is equal to the cardinality of our reduced
vertex cover: r1(A) +ro(B) = |C|.

Conversely, if AU B = E, we construct a vertex cover of cardinality r1(A) +
ro(B) by taking the representative vertices of A in My, and unioning them with
the representative vertices of B in Ms. It’s a vertex cover because AU B = F,
so if e € A, then we cover its endpoint in Vi and otherwise we cover its endpoint
in V2.

We deduce the desired equality directly from the matroid intersection theo-
rem after setting up this construction. O

5 Appendix: Greedy Characterization

A neat fact about matroids is that they uniquely characterize independence
systems (i.e., a system that satisfies the first two matroid axioms) in which the
natural greedy can find minimum weight independent sets. Here, we complete
the proof started in the USACO Guide Matroids article. Suppose that we have
an independence system, and the greedy algorithm works for any choice of k and
weight function w. Now, suppose for the sake of contradiction that the exchange
axiom fails. More specifically, there exist X, Y C E such that |X| < |V, and
there is no e € Y\ X such that X + e € 7.
Then, we can adversarially construct the weight function as follows:

—1—€¢ ifeeX
w(e) =< —1 ifeeY\X

0 otherwise
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Letting k = |Y|, the greedy will pick all of the elements in X, but no elements
from Y \ X. Notice that the greedy may already fail if it is unable to pick |Y|
elements in total. Supposing that it manages to pick k elements, the result will
be an independent set of total weight —(1+4¢)|X|. However, Y is an independent
set which has weight less than or equal to —|Y|. Since |X| < |Y], the greedy
still fails, so we are done.
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